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Abstract
Electrical conductivity is one of the most commonly used geophysical method
for reservoir and environmental studies. Its main interest lies in its sensitivity to key
properties of storage and transport in porous media. Its quantitative use therefore
depends on the efficiency of the petrophysical relationship to link them. In this
work, we develop a new physically based model for estimating electrical conduc-
tivity of saturated porous media. The model is derived assuming that the porous
media is represented by a bundle of tortuous capillary tubes with a fractal pore-size
distribution. The model is expressed in terms of the porosity, electrical conductivity
of the pore liquid and the microstructural parameters of porous media. It takes into
account the interface properties between minerals and pore water by introducing
a surface conductivity. Expressions for the formation factor and hydraulic tortu-
osity are also obtained from the model derivation. The model is then successfully
compared with published data and performs better than previous models. The pro-
posed approach also permits to relate the electrical conductivity to other transport
properties such as the hydraulic conductivity.
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1 Introduction
Measuring electrical conductivity of rocks is of critical importance for oil and mineral
exploration [e.g., Glover, 2009, Speight, 2011] and environmental studies [e.g., Hubbard
& Rubin, 2005, Revil et al., 2012, Binley et al., 2015]. Geoelectrical measurements are
a useful, nondestructive tool for characterizing porous rocks and soils [e.g., Binley &
Kemna, 2005, Glover, 2015]. Conduction of electricity through porous media occurs by
two mechanisms: (1) the primary mode of conduction is by movement of ions through the
bulk saturating electrolyte and (2) it can also take place in the vicinity of solid surface of
pores and cracks [e.g., Bussian, 1983, Revil & Glover, 1997, Revil et al., 1999] and that
is termed the surface conductance. Surface conductivity includes conduction associated
with electrical double layer (EDL): the Stern and diffuse layers and with proton transfer
at the interface between the mineral and the pore water [e.g., Revil & Glover, 1997, 1998,
Revil et al., 1999]. To characterize the relative contribution of the surface conductivity,
the dimensionless quantity termed the Dukhin number (Du) has been introduced. The
Dukhin number is the ratio of the surface conductivity σs to the pore water conductivity
σw as Du = σs/σw [Dukhin & Shilov, 1974]. The conductivity of a fully saturated porous
medium is related to microstructural properties such as porosity, pore geometry, surface
morphology of the mineral grains, pore fluid, temperature [Friedman, 2005, Glover, 2009].
For brine-saturated porous materials, Archie [1942] proposed an empirical relationship
that links the formation factor F to the porosity φ based on experimental measurements
of electrical conductivity of saturated porous media σ and the electrical conductivity of
the pore water σw as follows:
F = lim
σs→0
(σw
σ
)
= φ−m, (1)
where m is called the cementation exponent that is supposed to be constant for a cer-
tain type of rock. The cementation exponent m is normally between 1.3 and 2.5 for
unconsolidated sands, porous sediments and higher than 2.5 for carbonate rocks where
the pore space is not well connected [e.g., Friedman, 2005, Glover, 2009, Glover et al.,
1997]. Archie′s law is playing an important role in the exploration of oil reservoir [e.g.,
Glover, 2009, Carpenter et al., 2009]. The electrical conductivity σ of saturated porous
media for negligible surface conductivity can be obtained from Eq. (1) as
σ = σwφ
m. (2)
Beside the Archie model, many models are available in literature [e.g., Friedman,
2005, Laloy et al., 2011, Cai et al., 2017] to link the electrical conductivity of saturated
porous media σ and the electrical conductivity of the pore fluid σw. For example, many
relationships between σ and σw have been obtained from the effective medium theories
[e.g., Bussian, 1983, Sen et al., 1981b, McLachlan et al., 1987, Ellis et al., 2010], the
percolation theory [Hunt, 2004, Ghanbarian et al., 2014], the cylindrical tube model [Her-
rick & Kennedy, 1994], among other approaches. Existing electrical models with surface
conductivity based on different approaches such as the two-resistors in parallel approach
[e.g., Waxman & Smits, 1968, Brovelli et al., 2005], the effective medium [e.g., Hanai,
1961, Bussian, 1983], the volume averaging theorem [e.g., Pride, 1994, Linde et al., 2006]
have also been presented in literature. Recently, fractal models have been proven to be
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Figure 1: A porous rock model composed of a large number of parallel capillary tubes
with radius following a fractal distribution.
an alternative and useful means for studying the transport phenomenon and analyzing
the macroscopic transport properties of porous media [e.g., Mandelbrot, 1982, Thompson
et al., 1987, Feder & Aharony, 1989, Thompson, 1991, Sahimi, 1993, Ghanbarian-Alavijeh
et al., 2011, Xu, 2015, Thanh et al., 2018, Guarracino & Jougnot, 2018]. Fractal theory in
porous media has been applied to derive theoretical electrical conductivity models [e.g.,
Katz & Thompson, 1985, Pape et al., 1987, Roy & Tarafdar, 1997, Coleman & Vassilicos,
2008a,b, Wei et al., 2015]. However, to the best of our knowledge, the surface electrical
conductivity is not yet taken into account in the fractal electrical conductivity models
that are already published. Therefore, one may underestimate electrical conductivities
of saturated porous media and fail to reproduce experimental data when the electrical
conductivity of the pore fluid is low.
In this work, we propose a fractal model for the electrical conductivity of saturated
porous media based on the fractal theory of porous media and on the capillary bundle
model. The proposed model is expressed in terms of microstructural parameters such as
the minimum and maximum pore/capillary radii, the pore fractal dimension, the tortu-
osity fractal dimension and the porosity of porous media. The model prediction is then
compared with experimental data in the literature. A good agreement is found between
the prediction by the proposed fractal model and experimental data. Factors influencing
the electrical conductivity in porous media are also analyzed.
2 Fractal theory for porous media
Fractal theory for porous media has been already presented by many works [e.g., Yu &
Cheng, 2002a, Liang et al., 2014, 2015] in which a porous medium is assumed to be made
up of an array of tortuous capillaries with different sizes (see Fig. 1). The pore size
distribution in porous media has been proven to follow the fractal scaling law
N(≥ r) = (rmax
r
)Df , (3)
where N is the number of capillaries (whose radius ≥ r) in a fractal porous media, rmax is
the maximum radius of capillary, Df is the fractal dimension for pore space, 0 < Df < 2
in two-dimensional space and 0 < Df < 3 in three dimensional space [Yu & Cheng, 2002a,
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Liang et al., 2014, 2015]. Eq. (3) implies the property of self-similarity of porous media,
which means that the value of Df from Eq. (3) remains constant across a range of length
scales. It should be noted that porous media are not exactly self-similar. Porous media
are shown to be statistically self-similar because they exhibit the self-similarity in some
average sense and over a certain range of length scales [e.g., Yu et al., 2001, Yu & Cheng,
2002a]. As there are numerous capillaries in porous media, Eq. (3) can be considered as
a continuous function of the radius.
Differentiating Eq. (3) with respect to r yields
− dN = DfrDfmaxr−Df−1dr, (4)
where -dN represents the number of pores from the radius r to the radius r + dr. The
minus (-) in Eq. (4) implied that the number of pores decreases with the increase of
pore size. Therefore, the total number of capillaries from the minimum radius rmin to the
maximum radius rmax can be obtained by
Ntotal(≥ rmin) = (rmax
rmin
)Df . (5)
From Eq. (4) and Eq. (5), we obtain
− dN
Ntotal
= Dfr
Df
minr
−Df−1dr = f(r)dr, (6)
where f(r) = Dfr
Df
minr
−Df−1 is the probability density function of the pore size distribu-
tion. This function must satisfy the following condition∫ rmax
rmin
f(r)dr = 1− ( rmin
rmax
)Df = 1 (7)
or
(
rmin
rmax
)Df ≈ 0. (8)
As stated in Yu & Cheng [2002a], Liang et al. [2014] and Liang et al. [2015], for example,
Eq. (8) holds approximately when rmin/rmax ≈ 10−2 or< 10−2 in porous media. Generally,
the above condition holds in porous media. Therefore, the fractal theory can be used to
investigate properties of porous media [e.g., Katz & Thompson, 1985, Yu et al., 2001,
Yu & Cheng, 2002b]. The fractal dimension for pore space (Df ) is expressed as [e.g., Yu
et al., 2001, Yu & Cheng, 2002a]
Df = 2− lnφ
lnα
, (9)
where φ is the porosity of porous media and α is the ratio of the minimum pore radius
to the maximum pore radius (α = rmin/rmax).
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3 Theoretical development of a new electrical model
3.1 Pore scale
If the capillary radius is r and its length is Lτ and if it is filled with a fluid of conductivity
σw, then the resistance (Rc) of the capillary should be [Street, 1961]
1
Rc
=
pir2σw
Lτ
, (10)
However, if there is a contribution from surface conductance (specific surface conduc-
tance Σs), then the resistance (Rs) due to the surface conductance (i.e. the EDL) would
be
1
Rs
=
2pirΣs
Lτ
, (11)
It should be noted that Σs is related to the cationic exchange capacity of the porous
medium [Revil et al., 1998, Woodruff & Revil, 2011].
The total resistance of the capillary (the two conductors in parallel) is given by [see
Pfannkuch, 1972, for more details]
1
R(r)
=
1
Rc
+
1
Rs
=
pir2σw
Lτ (r)
+
2pirΣs
Lτ (r)
. (12)
One of the assumptions behind Eq. (12) is the percolation of the surface-conductive
layer. This assumption is made in widely used models from the literature [e.g., Waxman
& Smits, 1968, Pride, 1994, Gueguen & Palciauskas, 1994, Linde et al., 2006, Revil et al.,
1998].
When this is not the case, one has to use different models such as self-similar up-scaling
techniques [e.g., Sen et al., 1981a] or the percolation theory [e.g., Ghanbarian et al., 2014].
The relationship between the radius and length of the capillary should conform to the
following fractal scaling relationship [e.g., Yu & Cheng, 2002b, Wu & Yu, 2007]
Lτ (r) = r
1−DτLDτo , (13)
where Dτ is the fractal dimension for the geometrical tortuosity of the capillaries with 1
< Dτ < 2 in two dimensions, Lo is the length of the porous media and Lτ is the tortuous
length.
From Eq. (13), the geometrical tortuosity of a capillary having a radius r is obtained
as
τ(r) =
Lτ (r)
Lo
= (
Lo
r
)Dτ−1. (14)
Eq. (14) indicated that smaller diameter capillaries are more tortuous than larger ones.
That is consistent with the physical situation for an artery and micro-blood vessel. The
artery is much larger in diameter but much less tortuous than the blood vessel [Bo-Ming,
2005, Doyen, 1988]. It should be noted that at the microscale, tortuosities can be either
geometrical or electrical, or hydraulic. They are dependent of the capillary size as shown
by Eq. (14). At the microscopic scale, we define the geometrical tortuosity (τg) as the
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ratio between the effective shortest possible length between inflow and outflow points that
avoid solid grains (this is realized as a zigzag path passing grains with close tangents) and
the straight line length in the direction of flow in porous media [Clennell, 1997]. Hydraulic
tortuosity (τh) is defined as the ratio of the effective fluid path length between solid grains
(this is realized as a smoothed route through porous media)and the straight line length
in the direction of flow [Clennell, 1997]. Electrical tortuosity (τe) is defined as the ratio
of the effective path length for electrical flow and the straight line length of porous media
[Clennell, 1997]. It is seen that τg < τe < τh [Ghanbarian et al., 2013]. Note that, at the
macroscale scale (i.e., REV scale described in the next section), these tortuosities become
effective tortuosities (denoted ′′eff ′′): geometrical (τ effg ), electrical (τ
eff
e ), and hydraulic
(τ effh ). That is, they result from the analytical up-scaling of the tortuosities of many
capillaries sizes described in the next section.
3.2 REV scale
In order to derive the electrical conductivity at macroscale, we consider a representative
elementary volume (REV) as a cube with the length of Lo and the cross-section area
of the REV perpendicular to the flow direction of AREV . The porous medium of the
REV is conceptualized as an equivalent bundle of capillary tubes with a fractal pore size
distribution and the pore structure with radii varying from a minimum pore radius rmin
to a maximum pore radius rmax as described in the previous section.
The resistance of the water-saturated rock in the REV can be obtained as [Jackson,
2008, 2010, Wang et al., 2014]
1
Ro
=
∫ rmax
rmin
1
R(r)
(−dN)
=
∫ rmax
rmin
(
pir2σw
r1−DτLDτo
+
2pirΣs
r1−DτLDτo
)Dfr
Df
maxr
−Df−1dr
=
piσwDfr
Dτ+1
max
LDτo .(Dτ −Df + 1)
.(1− αDτ−Df+1) + 2piΣsDfr
Dτ
max
LDτo .(Dτ −Df )
.(1− αDτ−Df )
(15)
Additionally, the effective resistance of the saturated porous medium at the REV scale
can be calculated as
Ro =
Lo
σAREV
(16)
where σ is the electrical conductivity of the water-saturated porous media.
The porosity of the REV is defined as the ratio of the total pore volume Vp and the
total volume of the REV VREV [e.g., Jackson, 2008, 2010]:
φ =
Vp
VREV
(17)
Therefore, the porosity is calculated as
φ =
∫ rmax
rmin
pir2Lτ (r)(−dN)
AREVLo
=
∫ rmax
rmin
pir2r1−DτLDτo Dfr
Df
maxr−Df−1dr
AREVLo
=
piLDτ−1o Dfr
3−Dτ
max
AREV (3−Dτ −Df )(1− α
3−Dτ−Df )
(18)
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Consequently, the following is obtained
AREV =
piDfL
Dτ−1
o r
3−Dτ
max
φ
(1− α3−Dτ−Df )
(3−Dτ −Df ) (19)
Combining Eq. (15), Eq. (16) and Eq. (19) yields
σ =
φr2Dτ−2max (3−Dτ −Df ).(1− αDτ−Df+1)
Lo
2Dτ−2.(Dτ −Df + 1).(1− α3−Dτ−Df )
.σw
+
2φr2Dτ−3max (3−Dτ −Df ).(1− αDτ−Df )
Lo
2Dτ−2.(Dτ −Df ).(1− α3−Dτ−Df )
.Σs
(20)
This equation is the main contribution of this work. Eq. (20) indicates that the electri-
cal conductivity of porous media under saturated conditions is explicitly related to the
porosity, electrical conductivity of the pore liquid, and the microstructural parameters of
a porous medium (Df , Dτ , φ, α, rmax). Therefore, the model can reveal more mechanisms
affecting the electrical conductivity of saturated porous media than other models available
in literature. In particular, there is no empirical constant in Eq. (20) such as constants
F or m in Archie model, for example. Eq. (20) can be rewritten as
σ =
φ(3−Dτ −Df )(1− αDτ−Df+1)
(τ effg )2.(Dτ −Df + 1).(1− α3−Dτ−Df )
.σw
+
2
rmax
φ
(τ effg )2
(3−Dτ −Df )
(Dτ −Df )
(1− αDτ−Df )
(1− α3−Dτ−Df ) .Σs,
(21)
where τ effg is the effective geometrical tortuosity of the medium resulting from the con-
tributions of all the capillary tortuosities as presented above and is given by
τ effg = (
Lo
rmax
)Dτ−1. (22)
Eq. (21) has the similar form to classical models reported by many authors [e.g.,
Waxman & Smits, 1968, Pride, 1994, Revil et al., 1998, Friedman, 2005, Linde et al.,
2006, Glover, 2009, Brovelli & Cassiani, 2011] as following:
σ = g.σw + h.σs (23)
where σs is the surface conductivity of porous media, g and h are two dimensionless
geometrical factors, which depend on the texture of porous media.
The length of representative volume unit is related to the cross-section area of the
REV by [Miao et al., 2016]
Lo
2 = AREV (24)
Note that Lo is not the length of sample but the side length of a representative unit as
the REV is assumed to be a cube.
From Eq. (22) and Eq. (24), one has
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τ effg =
[
1− α3−Dτ−Df
φ
piDf
3−Dτ −Df
]Dτ−1
3−Dτ
(25)
The fractal dimension for the tortuosity Dτ can be approximately expressed as a function
of properties of porous media as [Wei et al., 2015]
Dτ = (3−Df ) + (2−Df )
ln
Df
Df−1
lnφ
(26)
When the surface conductivity is negligible, Eq. (21) becomes
σ =
φ(3−Dτ −Df )(1− αDτ−Df+1)
(τ effg )2(Dτ −Df + 1)(1− α3−Dτ−Df )
.σw (27)
For a porous medium made up of straight parallel capillaries containing a fluid, Dτ
approaches 1. Therefore, the parameter τ effg is equal to 1 as indicated by Eq. (22) and Eq.
(27) becomes σ = [φ(2−Df )(1−α2−Df )σw]/[(τ effg )2(2−Df )(1−α2−Df )]=φσw/(τ effg )2 =
φ.σw. This prediction is exactly what one would expect and is identical to the parallel
model with one conducting phase and one insulating phase given by Gueguen & Pal-
ciauskas [1994]. Under that condition, Eq. (27) also corresponds to Archie′s law by
considering φ = 1.
From Eq. (1) and Eq. (27), the formation factor is obtained as
F =
(τ effg )
2
φ
(Dτ −Df + 1)(1− α3−Dτ−Df )
(3−Dτ −Df )(1− αDτ−Df+1) .
(28)
Similarly, Eq. (28) indicates that the formation factor is related to the porosity, and
the microstructural parameters of a porous medium (Df , Dτ , φ, α). Additionally, Eq.
(28) shows that the formation factor is inversely proportional to the porosity in the similar
form as reported in Clennell [1997] (see his Eq. (17) and reference therein). It is seen
from Eq. (28) that the formation factor can be considered independent of the grain size
as indicated in the experimental results of Glover & Dery [2010], as long as the other
geometrical parameters remain constant.
Even though the present model is based on the concept of capillary tubes, one can
relate capillary radius to grain size. Indeed, in non consolidated granular materials, grain
sizes and grain size distribution are much easier to obtain than pore sizes. Therefore, if
a granular material is considered, Cai et al. [2012] proposed an expression to calculate
maximum radius of the capillaries by combining the geometrical models of an equilateral-
triangle and a square arrangement of spherical grains as
rmax =
d
8
[√
2φ
1− φ +
√
φ
1− φ +
√
pi
4(1− φ) − 1
]
, (29)
where d is the mean grain diameter in porous media. Eq. (29) predicts that (1) when
porosity approaches zero, rmax turns negative; (2) when porosity is approximately greater
than 0.67, rmax becomes larger than mean grain radius. Those predictions are unrealistic.
However, porosity of porous media is never zero and normally reported to be less than
0.45 [e.g., Waxman & Smits, 1968]. Therefore, the pore radius is typically less than grain
radius as expected from the literature [e.g., Glover & Walker, 2009].
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Table 1: Some of the models for the electrical conductivity of porous media used in this
work for comparison. It should be noted that σm is the electrical conductivity of the solid
matrix and taken as zero in this work.
Name Equation Reference
Archie model σ = σwφ
m Archie [1942]
Parallel model σ = φσw + (1− φ)σm Gueguen & Palciauskas [1994]
Waff model σ = σw+(σm−σw)(1−2φ/3)
1+φ
3
(σm
σw
−1) Waff [1974]
Pride model σ = 1
F
[σw + (F − 1)σs] Pride [1994]
Revil model σ = σw
F
[1− tf(+) + F.Du+ 12(tf(+) −Du) Revil et al. [1998]
×(1− Du
tf
(+)
+
√
(1− Du
tf
(+)
)2 + 4F Du
tf
(+)
)]
4 Results and discussion
4.1 Sensitivity analysis of the new model
For modeling the electrical conductivity of saturated porous rocks as a function of the pore
fluid electrical conductivity based on Eq. (21), one needs to know the fractal parameters
α, Df , rmax, τmin and Dτ . It was generally recognized that the minimum pore radius
is approximately two orders of magnitude smaller than the maximum pore radius in
porous media. The value of α = 0.01 has been used in published articles [e.g., Cai et al.,
2012, Liang et al., 2014, 2015]. Therefore, the value α = 0.01 is also used in this work
for modeling. The fractal dimension Df is determined via Eq. (9). If the pore size
distribution of porous media is not known, the maximum radius rmax can be estimated
via Eq. (29). Dτ is obtained from Eq. (26) with the knowledge of Df and φ. From Eq.
(25), τ effg is then determined. Substituting rmax, Df , Dτ and τ
eff
g into Eq. (21), the
electrical conductivity of porous samples is then determined with known values of σw and
Σs.
Fig. 2 shows the variation of the electrical conductivity of porous media with the
maximum pore radius predicted from the model presented by Eq. (21) for three different
ratios of the minimum radius to the maximum radius of capillaries (α = 0.01, 0.001 and
0.0001) with σw = 3.0×10−3 S/m, Σs = 0.5×10−9 S and φ = 0.4. It can be seen that
when the ratio α decreases, the electrical conductivity increases. This is attributed to
the fact that the smaller ratio α at given porosity causes the higher fractal dimension
for pores as seen in Eq. (9). Additionally, the electrical conductivities of porous media
for three different values of α approach the constant and the same value at large grain
diameters at which the surface electrical conductivity is negligible. This observation is in
good agreement with what is predicted from Archie′s law σ = σwφm in which the electrical
conductivity of porous media only depends on the porosity regardless of the grain size.
The proposed model indicated by Eq. (27) for the case of negligible surface conduc-
tivity is applied to predict the variation of the electrical conductivity of porous samples
with porosity and compared with other models such as the Archie model [Archie, 1942],
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Figure 2: The variation of the electrical conductivity of porous samples with the maximum
pore radius predicted from the model presented by Eq. (21) for three different values of
α (0.01, 0.001 and 0.0001) with σw = 3.0×10−3 S/m, Σs = 0.5×10−9 S and φ = 0.4.
Figure 3: The variation of the electrical conductivity of porous samples with porosity
predicted from different models with σw = 0.1 S/m. For the proposed model shown by
Eq. (27), the grain diameter is taken as 50×10−6 m and α is taken as 0.01.
parallel model [Gueguen & Palciauskas, 1994], Waff model [Waff, 1974]. Table 1 lists
some of the models for the electrical conductivity of porous media used in this work for
comparison including the models given by Pride [1994], Revil et al. [1998]. The prediction
from the models are performed with σw = 0.1 S/m. The proposed model is applied with
the grain diameter of 50×10−6 m and α = 0.01. The comparison between those models
is shown Fig. 3. It is seen that all the models have the similar behavior and indicate the
increase of electrical conductivity of porous media with increasing porosity.
4.2 Effect of the pore water electrical conductivity
To compare the proposed model with experimental data available in literature, the input
parameters corresponding to each sample are listed in Table 2
Fig. 4 shows the dependence of the electrical conductivity of saturated porous rocks
as a function of the pore fluid electrical conductivity for six glass bead packs of different
grain diameters experimentally obtained from Bole`ve et al. [2007] (see the symbols) and
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Figure 4: Electrical conductivity of different packs of glass bead versus the electrical
conductivity of the fluid. The symbols are obtained from the work of Bole`ve et al. [2007].
The solid lines are from the proposed model presented by Eq. (21) with parameters given
in Table 2.
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Table 2: The parameters used in the proposed model to compare experimental data from
different sources. Symbols of d (µm), φ (no units), α (no units), σw (S/m) and Σs (S) stand
for the grain diameter, porosity, ratio of minimum and maximum radius, fluid electrical
conductivity and surface conductance of the fluid saturated porous samples, respectively
Sample d (µm) φ (no units) α (no units) σw (S/m) Σs (S) source
S1a 56 0.4 0.01 10−4 to 0.1 0.5×10−9 Bole`ve et al. [2007]
S2 93 0.4 0.01 10−4 to 0.1 0.5×10−9 Bole`ve et al. [2007]
S3 181 0.4 0.01 10−4 to 0.1 0.5×10−9 Bole`ve et al. [2007]
S4 256 0.4 0.01 10−4 to 0.1 0.5×10−9 Bole`ve et al. [2007]
S5 512 0.4 0.01 10−4 to 0.1 0.5×10−9 Bole`ve et al. [2007]
S6 3000 0.4 0.01 10−4 to 0.1 0.5×10−9 Bole`ve et al. [2007]
SW 106 0.34 0.01 10−5 to 1 1.0×10−9 Wildenschild et al. [2000]
FriedS 50, 100 0.35-0.45 0.001 unused 0 Friedman & Robinson [2002]
200, 500
ReS 250 0.04-0.23 0.0001 unused unused Revil et al. [2014]
the prediction from the model presented by Eq. (21) (the solid lines). Mean grain size of
six glass bead packs denoted by S1a, S2, S3, S4, S5 and S6 are 56 µm, 93 µm, 181 µm,
256 µm, 512 µm and 3000 µm, respectively (see Table 2). The measured porosity of the
packs was reported to be φ = 0.40 irrespective of the size of the glass beads [Bole`ve et al.,
2007]. By fitting experimental data shown in Fig. 4, the surface conductance is found
to be Σs = 0.5×10−9 S for all samples. This value is of the same order of magnitude
as that reported in literature for the silica surface in contact with the NaCl electrolyte
(e.g., Σs = 8.9×10−9 S [Revil & Glover, 1998] or Σs = 4.0×10−9 S [Glover & Dery, 2010]
or Σs = 5.3×10−9 S [Bull & Gortner, 1932] or Σs = 1.4×10−9 S [Lorne et al., 1999]).
The root-mean-square deviation (RMSD) calculated for all samples S1a, S2, S3, S4, S5
and S6 are 19×10−4 S/m, 16×10−4 S/m, 16×10−4 S/m, 17×10−4 S/m, 19×10−4 S/m
and 21×10−4 S/m, respectively. The results show that the predictions from the model
are in very good agreement with the experimental data. The model is able to reproduce
the main trend of experimental data and especially at high fluid electrolyte concentration
and large grain size. The misfit of the model with experimental data at low electrolyte
concentration can be explained by the possible exchange of the electrical current between
the electrical double layer and bulk fluid [Daigle et al., 2015]. As seen in Fig. 4, at high
fluid electrical conductivity there is a linear dependence. The reason is that at high fluid
electrical conductivity or large grain size, the electrical conductivity of saturated porous
samples σ is linearly related to the fluid electrical conductivity σw as presented in Eq. (1)
or Eq. (27), that is Du << 1.
The dependence of the electrical conductivity of another saturated sand pack (denoted
by SW) as a function of the pore fluid electrical conductivity from a different source
[Wildenschild et al., 2000] is also shown in Fig. 5. The symbols are from the reported
data and the solid line is predicted from the model with the parameters given in Table 2
in which the mean diameter of grains of a sand pack is deduced from Glover & Walker
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Figure 5: Electrical conductivity of a porous sample versus the electrical conductivity of
the fluid. The symbols are obtained from Wildenschild et al. [2000]. The solid line is
predicted from the model indicated by Eq. (21) with parameters given in Table 2. The
RMSD is 90×10−4 S/m. The dashed line is linear fitting using the relation σ=σw/F with
F = 4.6.
Figure 6: The variation of electrical conductivity of saturated porous media with the
electrical conductivity of the fluid predicted from the proposed model indicated by Eq.
(21) and other models given by Pride [1994], Revil et al. [1998].
[2009]
d = 2θ
√
8kF (30)
where θ is the theta transform (unitless) and equal to 3.436 for spherical grain samples,
k and F are the permeability and formation factor of porous samples, respectively (k =
6.16×10−12 m2 and F = 4.9 for the sample SW as reported in Wildenschild et al. [2000]).
Consequently, d is calculated to be 106 µm. The linear trend of the curve (the dashed line)
can be used to determine the formation factor. One can obtain σ=σw/4.6 for the dashed
line in Fig. 5. Consequently, the formation factor is 4.6. This theoretically predicted
value is in good agreement with the measured value of 4.9 from Wildenschild et al. [2000].
The RMSD in this case is 90×10−4 S/m that is larger than those of consolidated samples
as reported above.
The variation of electrical conductivity of saturated porous media with the electrical
conductivity of the fluid predicted from the model is also compared with other models
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Figure 7: Electrical conductivity of porous samples versus the grain diameter of the
samples at two different electrical conductivity of the fluid (3.0×10−3 and 3.0×10−2 S/m).
Mean grain size of six glass bead packs are 56, 93, 181, 256, 512, and 3000 µm, respectively.
The porosity of all of the packs is 0.4. The symbols are obtained from Bole`ve et al. [2007].
The solid lines are predicted from the model indicated by Eq. (21) with parameters given
in Table 2.
available in literature [e.g., Pride, 1994, Revil et al., 1998] (see Table 1) as shown in Fig. 6.
Input parameters for modeling are the same as those used in Fig. 4 for the representative
samples S4 and S5 whose data are also shown in Fig. 6. Additionally, tf(+) is taken as 0.38
corresponding to NaCl solution [Revil et al., 1998], σs is calculated by 6Σs/d (d is grain
diameter) [Linde et al., 2006, Bole`ve et al., 2007] and F is taken as 3.4 for both samples
S4 and S5 [Bole`ve et al., 2007]. The RMSD of the fits from Revil et al. [1998] and Pride
[1994] for samples S4 and S5 are 5.0×10−4 S/m and 5.1×10−4 S/m; 5.6×10−4 S/m and
5.7×10−4 S/m, respectively. It is shown that the proposed model is in good agreement
with those given by Pride [1994] and Revil et al. [1998], especially at high fluid electrical
conductivity (Dukhin number Du ≤ 0.004).
4.3 Effect of the textural parameters of the porous medium
The dependence of the electrical conductivity of saturated porous media on the grain
diameter is also predicted using the procedure mentioned in section 4.2. The prediction
is shown by the solid lines in Fig. 7 for two different fluid conductivities (3.0×10−3
S/m and 3.0×10−2 S/m). The theoretical results are then compared with the measured
values obtained from Bole`ve et al. [2007] (see symbols). It should be noted that the input
parameters for modeling are reported in Table 2 for Bole`ve et al. [2007]. The uncertainties
of the measured electrical conductivities of porous samples and grain diameter are reported
to be roughly 10 % by Bole`ve et al. [2007]. Therefore, a ± 10 % error is used for the
experimental data shown in Fig. 7. The comparison shows that the model is able to
reproduce the main trend of the experimental data. However, it is seen that the fit at lower
fluid conductivity is not as good as at higher one. The reason is that the assumption of the
conduction current path in parallel may be not truly valid at low electrolyte concentration
[Daigle et al., 2015].
Figure 8 shows the ratio of the electrical conductivity of the glass bead samples to that
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Figure 8: Ratio of the electrical conductivity of the glass bead sample to that of the
electrolyte as a function of the porosity. Mean grain size of four samples are 50, 100, 200,
and 500 µm, respectively. The symbols are obtained from Friedman & Robinson [2002]
with ± 10 % uncertainty. The solid line is from the proposed model given by Eq. (27)
with parameters given in Table 2.
of the electrolyte as a function of the porosity experimentally obtained from Friedman &
Robinson [2002] (see symbols) for four samples of spherical glass beads with diameters
of 50, 100, 200 and 500 µm denoted by FriedS in Table 2. This measured result can be
explained by the model (Eq. (27)) with input parameters given in Table 2. The surface
conductivity is negligible as stated in Friedman & Robinson [2002]. A ± 10 % error is
used for the experimental data shown in Figure 8. The result shows that the prediction
of the model is close to the experimental data.
4.4 Formation factor and hydraulic tortuosity
The variation of the formation factor of the porous media with the grain diameter can be
predicted from Eq. (28) as shown in Fig. 9 (the solid line). The parameters for modeling
are α = 0.01 and φ = 0.40 that are compatible with glass bead packs reported in Bole`ve
et al. [2007] (see Table 2). The formation factor measured by Bole`ve et al. [2007] for
different grain diameters is also shown by the symbols in Fig. 9. It is seen that the
model is in good agreement with experimental data. According to Archie model [Archie,
1942], the formation factor F is linked to the porosity φ (φ = 0.40 irrespective of the
size of the glass beads as stated in Bole`ve et al. [2007]) by F = φ−m. For unconsolidated
samples made of perfect spheres, the exponent should be constant (1.5) [Sen et al., 1981a].
Consequently, F is predicted to be independent of the grain size. This constant value of
formation factor predicted by the model in Eq. (28) (F = 3.21) is in very good agreement
with the value measured by Bole`ve et al. [2007] (3.4±0.2) for glass beads.
The variation of the formation factor of the porous media with porosity experimentally
obtained for a set of core samples of the Fontainebleau sandstone [Revil et al., 2014] is
shown in Fig. 10 (see the symbols). The main experimental trend can be explained by
the model indicated by Eq. (28) (the solid line). The value of α = 0.0001 is used for
modeling because of the best fit and that value is also used to fit experimental data for
Fontainebleau sandstone [e.g., Liang et al., 2014]. The mean grain diameter is d = 250 µm
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Figure 9: The variation of the formation factor with the grain diameter. The symbols are
obtained from Bole`ve et al. [2007]. The solid line is predicted from the model indicated
by Eq. (28) with parameters given in Table 2 for the source of Bole`ve et al. [2007] with
± 10 % uncertainty on the experimental data.
obtained from CT scans in Revil et al. [2014] (see sample ReS in Table 2). It is indicated
that the model can produce the main behavior of the experimental data given by Revil
et al. [2014]. However, a deviation is observed at very low porosity (less than 15 %). The
reason may be that the model is developed based on porous media made up of mono-
sized spherical grains [Liang et al., 2015]. However, for the consolidated samples of the
Fontainebleau sandstone, the rock texture consists of mineral grains of various shapes and
sizes and its pore structure is extremely complex. The formula for the fractal dimension
Df , the maximum radius rmax determined from the grain diameter, porosity may not be
suitable. Additionally, another reason for a deviation is the variation of α from sample to
sample (for modeling, α = 0.0001 is applied for all samples).
Based on Eq. (28), the effective electrical tortuosity is defined as [e.g., Clennell, 1997]
(τ effe )
2 = Fφ = (τ effg )
2 (Dτ −Df + 1)(1− α3−Dτ−Df )
(3−Dτ −Df )(1− αDτ−Df+1) (31)
Eq. (31) is used to predict the effective electrical tortuosity of 12 samples of glass beads
with different diameters reported in Glover & Dery [2010]. The input parameters for
modeling and predicted values for all samples are listed in Table 3. It is seen that the mean
value over 12 samples is around 1.11 and that is smaller than the hydraulic tortuosity
of those samples predicted by Guarracino & Jougnot [2018] using different approaches
(τavh =(1.2+1.4)/2=1.3). The result is in good agreement with [Ghanbarian et al., 2013].
This work provides a possible link between different properties. For example, the hydraulic
conductivities of porous media can be deduced from electrical conductivities [e.g., Doussan
& Ruy, 2009, Jougnot et al., 2010, Niu et al., 2015].
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Figure 10: The variation of the formation factor with with porosity. The symbols are
obtained from Revil et al. [2014]. The solid line is predicted from the model indicated by
Eq. (28) with input parameters given in Table 2.
Table 3: Input parameters for modeling and predicted hydraulic tortuosities. Grain
diameter (d in µm) and porosity (φ) are taken from Glover & Dery [2010]
Sample number d φ α τ effe
1 1.05 0.411 0.01 1.072
2 2.11 0.398 0.01 1.098
3 5.01 0.385 0.01 1.125
4 11.2 0.401 0.01 1.092
5 21.5 0.383 0.01 1.128
6 31.0 0.392 0.01 1.110
7 47.5 0.403 0.01 1.088
8 104 0.394 0.01 1.106
9 181 0.396 0.01 1.102
10 252 0.414 0.01 1.067
11 494 0.379 0.01 1.137
12 990 0.391 0.01 1.111
mean 1.110
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5 Conclusions
A physically based model for estimating electrical conductivity of saturated porous media
has been developed in this work. The model is derived assuming that the porous media can
be represented by a bundle of tortuous capillary tubes with a fractal pore-size distribution.
The proposed model is explicitly related to electrical conductivity of the pore liquid and
the microstructural parameters of a porous medium (Df , Dτ , φ, α, rmax). Therefore,
the model can reveal more mechanisms affecting the electrical conductivity of porous
media than other models available in literature. From the model, the expressions for the
formation factor and hydraulic tortuosity are also obtained.
The model’s sensitivity to its parameter is first tested. Then, it is compared with
previously published models and experimental data. The proposed model is consistent
with previous ones from the literature. The results predicted by the model are in very
good agreement with experimental data, especially for unconsolidated samples. The pro-
posed model is the first fractal theory based one to take the surface conductivity into
account. This simple analytical model opens-up new possibilities for predicting the elec-
trical conductivity of porous media and link it with hydraulic conductivity. The analytical
development of a model for partially saturated porous media using the presented approach
will be carried out in the near future.
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